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Theory

Markov State Models (MSMs) model biomolecular dynamics as discrete-
time transitions between metastable states [1, 2], via the time-evolution

p(t + τ ) = p(t)T (1)
where p is a vector of state populations, and T (τ )

ij is the probability of
transitioning from state i to j in time τ . In practice, the matrix T is
constructed from molecular simulation data from vectors of observed
transition counts, ni = (ni1, ni2, ...., niM). The surprisal, Si, quanti-
fies how surprising is it to observe outgoing counts n∗i from state i, after
previously observing ni counts.

Si = − ln ∫
P (n∗i |Ti)P (Ti|ni)dTi (2)

where
P (ni|Ti) = Ni!

∏M
j nij!

M∏
j
T
nij
ij . (3)

and
P (Ti|ni) = Dir(Ti|ni + αi). (4)

Integration and Stirling’s approximation leads to

Si = (N∗i + Ni)Ĥcomb
i −N∗i Ĥ∗i −NiĤi (5)

where Ni = ∑
j nij, Ni = ∑

j n
∗
ij and Ĥi, Ĥ∗i and Ĥcomb

i are estimates
of transition count entropies for the old, new, and combined counts,
respectively.
The surprisal is thus related to the Jensen-Shannon (JS) divergence
between two MSMs weighted by p1 and p2 respectively,

JS(T1,T2) = Hcomb − p1H1 − p2H2 (6)
where Hk = − ∑M

i (πk)i ∑M
j (Tk)ij ln(Tk)ij and Hcomb =

− ∑M
i πcomb

i
∑M
j T comb

ij lnT comb
ij are MSM entropy rates. Here,

π = πT is the stationary vector of equilibrium populations for an
MSM defined by T.
When the number of observed counts is large, and p1 = p2 = 1/2, the
JS divergence can be well-approximated as

JS(T,T∗) ≈ ∑
i
π̄isi (7)

where π̄i = π̃i+π̃∗i
2 , and si = Si/(Ni + N∗i ) is computed using equal

numbers of counts Ni and N∗i . [3]
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Figure 1: Contacts between interacting residues (shown in yellow)
are sequence-dependent, with energies of εAA = −2.72kBT for alanine-
alanine contacts, and εAF = −4.81kBT for alanine-phenylalanine con-
tacts (taken from Miyazawa and Jernigan [4]).
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Figure 2: Transition Path Theory (TPT) analysis[5] of steady-state
folding pathway fluxes. Shown are the ten macrostate pathways with the
largest folding fluxes, with the dominant (largest-flux) pathway shown in
red. The highest-flux folding pathway of the wild type model exhibits a
zipping mechanism, whereas the mutant pathway begins with long-range
non-native contacts forming first (bottom).
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Figure 3: (a) Estimates of equilibrium populations π̄i = (π∗i + πi)/2
compare well to the actual values of πcomb

i for combined transition matrix
Tcomb = (T + T∗)/2. (b) The cumulative distribution of π̄isi values
across all 72 macrostates. (C) The scatter plot shows si versus π̄i for
each macro state i. Colored lines are constant-JS contours. Only 12
states contribute 90% of the JS divergence, with the most important
contributions coming from the native state (v), as well as a number of
low-population, but highly surprising non-native states (i-iv).

Fs peptide

Figure 4: Surprisal analysis of MSMs built from all-atom molecular
simulations of Fs peptide and a R9E variant. (A) Estimates of equilibrium
microstate populations π̄i = (π∗i +πi)/2 compare well to the actual values
of πcomb

i . (B) The cumulative distribution of π̄isi values across all 115
microstates. (C) A scatter plot showing si versus π̄i, with error bars
denoting estimated uncertainties in si. Colored lines denote constant-JS
divergence contours. Labeled are the eight microstates with the largest
contributions to the total JS divergence.

Figure 5: Landscape of sampled rmsd and radius of gyration observ-
ables in combined molecular simulations of Fs peptide and a R9E variant.
Red circles denote cluster generator conformations corresponding to the
microstates with the largest contributions to the JS divergence. These
states all lie along a reaction path going from helix to two-helix bundle,
and all show significant salt-bridging between residue RE9 and the other
arginines.

Surprisal-based adaptive sampling
1 Collect equal numbers of transition counts nij and n∗ij.
2 Compute estimates of the variance σ2

π̄isi
for each state i.

3 Start an equal number of new simulations from the state i
with the largest value of σ2

π̄isi
, adding new observed

transition counts to the previous counts.
4 Repeat from step 2, until the estimate of σ2

π̄isi
is below

some desired tolerance.
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Figure 6: Surprisal-based adaptive sampling efficiently converges estimates
of the JS divergence between a wild type AAAAAA and mutant AAFAAA model.
The statistical uncertainty in the total Jensen-Shannon divergence (calculated
as ∑

i π̄isi)was estimated over multiple 1000 rounds of adaptive sampling, with
each round consisting of 1000 samples. (Left) Results of focused adaptive sam-
pling (transition counts all drawn starting from the same state) performed for
random adaptive choices (red), states chosen by sensitivity analysis (green) and
surprisal-based sampling (blue). (Right) Results of trajectory adaptive sampling
(a Markov chain of transitions generated each round, starting from the adap-
tively chosen state) performed for a single continuous trajectory (red), states
chosen by sensitivity analysis (green) and surprisal-based sampling (blue).
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